A beach cabana is to be designed for minimum surface area (proxy for material cost)
that encloses 250 cubic feet. The configuration is to be the exterior surface of a rectangular
solid. There is no floor and no front. The ends are to be square (see drawing). Find the
dimensions that minimize surface area.

Let L be the length, and W be the common value of the width and height (square ends).

Volume = 250 = LW?. Surface area A(L, W) is 2LW (back & top) +2W2 (ends). Set L = %’32-‘1
then AL, W) = A(W) = —5%‘1 +2W2. Then A'(W) = %W‘g‘l +4W = 0 gives a critical point. This

simplifies to 4W* = 500, or W3 = 125, so W = 5. Checking A" (5) = -1%5319- +4> 0 we

conclude W =5 and then L = 10 safisfies the volume condition and gives minimum surface
area.

What if the sides did not have to be square? Then WLH = 250. Eliminate L: I, — -%n%.

Then the objective function is (top) %/ W +(back) %— - H + (sides) 2WH. Simplified this
becomes 220 250 \ sy So this time A(H,W) = 250 4 250 L > Then

H "W 3 H W
Ay =2W— 230 = 0 gives H*W = 125. By symmetry from Ay = 0, we find HW? = 125, and

i
dividing we see-that —% =1,S0H = W =5. Calculating A(H, W) = AprAww — Ay at (5,5) we

500 (500 _ — W _ : . T
get(lzs)(lﬁ) 4>0,s0H =W =>5andL = 10 give the same solution.

2
4) The functionz = 1 — -{43 - % describes an elliptical paraboloid that has its axis along

the z-axis, its peak at z = 1, and extends indefinitely downward below the xy-plane. Cross
sections parallel to the xy plane are ellipses. In the region where x,y,z = 0 we would like to
construct a rectangular box with one corner at the origin and the diametrically opposite
corner on the paraboloid. Find the volume of the largest box that can be constructed subject
to these conditions.

; 2 y2 x3y xy3 .
The volume of the box is xyz. Then V(x,y) = xy(l - —Jﬁ— - —9—) === This is
2 3 P
the objective function to be maximized. V, = y — ‘?”;y - % = p(1 - 34i2 = %) = 0. We note
2

¥ = 0 cannot be a solution or the box would have no volume. So 1 — ?’%2 - % = ()

2 2 2
imi R SIN.: S L s T i .
Similarly, V, = x 7 3 x(1 i 3 ) =0, hence (1 ) 3 ) = 0. To solve these

2

simultaneously, we rewrite them as %xTz— =1- % and {-f— =1-2_ Then



9
quadratic 18 = 8y* and finally y = %— Plugging back into the expression for x, we find x = 1.

2 2
3(543) " 3(1 - 13—) or34i2 = 3—y2. Itfollows that 1 - Z— = 3 12 which leads to the

2} 2
Nofe V, = __3_23&3/_ andV,, = ___2;_3{ andV,, =1- %—— - yT so the discriminant

ML) = Va3 3) -3 3) = (F)-(-3-3p -2 - L_25 0 we

have a winner. V(x,y) has a maximum at (1, %)' Specifically, z = 1 — 211- - % = % So the box

3

with sides 1 by %— by % has the maximum volume equal to T
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