College Mathematics Journal
Problem 709

Proposed by Vern E. Heeren, American River College, Sacramento, CA
(a) Characterize the rational numbers g such that the equation 4 = arctang + arctanx
has a rational solution x.
(b) Characterize the rational numbers q such that the equation 7 = arctang + 2arctanx
has a rational solution x.
Solution:
(a) Let # = arctang and v = arctanx. Then

tan(4-) = 1 = tan(arctang + arctanx) = tan(u +v) = el lq_“::t. It follows that
q= %%,with x # -1 Writingx = 5+, wehave g = £ ¢ Q, withm € Z,n € Z - {0},
(m,n) = 1, and m # —n (this is not redundant, as m = 1 and n = —1 would not be excluded
by the GCD condition).

(b) Let w = 2arctanx = arctany. Then tanw = tan(2 arctanx) = % = y. From the
preceding result, we have ¢ = 12 = #2-L where the denominator can never vanish for

Iy x?-2e-1
x € Q. Writing x = 2 with the same restrictions as above except m # +n, we have

_ m*+2mn-n® "
g= "o €Q.

-
m?-2mn—n?
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Rational solutions to Arctangent equations
709.  Proposed by Vern E. Hecren, American River College. Sacramento. CA
(a) Characterize the rational numbers ¢ such that the equation

i arctan{g) + arctan{x)

nas a rational solution .

(b) Characterize the rational numbers ¢ such that the equation

T
== drelan{g 4+ 2 - arctanix)

has a rational solution x.

Composite of Solutions by Michael Andreoli, Miami-Dade ¢ ominunity Coliege, Mi-
ami. 'L and William Seaman, Albright College. Reading, PA

The answer 1o (a) is the set of all rational numbers ¢ > —1. The answer to (bl is the
set ol all rational numbers ¢ such that 2 -+ 2¢° is the square ol a rational number.
Equivalently. if we wrile ¢ = a/b, then 2(a” + %) must be a perfect square. The set
of such rational numbers may also be characterized as the set of all rational numbers
ol the form ¢ = (1 + v)/(« — v) where |u] and |v] are the legs of a Pythagorean
triple. (Of course, the well-known parametrization of Pythagorean triples then yields
a parametrization of the set of all such rational numbers ¢. if we allow one of # and v
to be zero.)

(@) The cquation
;I-r "
- = arctanig ) -+ arctan(y) il
4

has no solution for ¢ < —1, since this would imply that

: b4 T
arctan(x) = - — arctan(g) > —.
4 2

the addition formula for tangent that a unique solution to equation (1) is obtained by
laking

On the other hand. for ¢ > —1, we have —% « Z —arctan{g) < I and we see from

\ {3{ g }] I—q
X =lan | — — arctan(g) | = i
4 ¢ 1+ g

Clearly. if ¢ is rational then so is x, which completes the proof of part (a).
(b} The equation

a i
= arctan(q) + 2arctan(x) ()

has a solution il and only if there is a real number v such that

[’T tan )]
e ATCTaN »
g rentad]

I | —

arctan{x) =
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However. for any real number ¢ we have

T | [“z' ; 3;
= & oo f e ATCTAN e
3 517 weta {q}] g

and a unique solution to cquation (2) is obtained by taking

‘ | ro I
X o= ian 5 [E wdmlamfg}J .

If ¢ = —1. then the solution to equation (23 is x = 1. I ¢ # —1, it lollows from the
addition formula for tangent that if v and ¢ satsty u;.zalmn (2, then

2x

l—\~

= tan (Zarctan{x}} = tan ( ;trc{un{q}} -

4 g
If ¢ = 1. then the solution to cquation (2) is v = O, while for j¢ # 1. it lollows that
the solution x 1o (2) must also salisfy the quadratic equation

(=) +2(1 +g)x — (1 —g) =0.

Using this cguation. the quadratic formula, and our examination of the cases g = 1.
we conclude that x is rational if and only iI' 2 4 2¢~ is the square of a rational
number. itquz\f’dh.m!y il ¢ == a/b. then x is rational if and only if 2(a% — 5%} =
(a + b)Y + (a — by is a perfect square. Setting # =g + b and v = ¢ — b. it follows
that ¢ = {&r -+ v)/ (e — vy where jir] and (¢} are the legs oI i P}fthagmmn triple. Con-
versely, if & and v are integers such that {#! and |v! are the legs of a Pythagorean triple
di!d ¢ is defined by the formula ¢ = (1 + v)/(u — v), then it is ¢casy to check that
2 4+ 2¢= is the square of a rational number. This wmpidu the proof of (b).
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A generalized centroid = . oo

710, Pioposed by Herb Builey, Rose-Huliman {nstituie of Technology, Terre Heaute,
IN

Given a triangle ABC, choose A" on C8B, B  on AC and C" on #A such that
|CATICB| = |BC'| : |BA| = |AB| : JACL
Let P be the point in which AA" and 88" mect. let Q be the point in which B85 and

CC" meet. and let R be the point in which AA” and CC7 mecet. Determine the locus of
the centroid of the (possibly degenerate) triangle PO R.
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