College Mathematics Journal
Problem 660 - September 1999

Proposed by Ho-joo Lee, Kwangwoon University, South Korea
Find all real numbers a such that the equation z> + az + 1 = 0 has a solution of the form
p +qJ=3 where p and q are positive rational numbers.
Solution:

Note that z # 0, so we may seta = ——” from which it follows that

Im(z*(z* +1)) = 0, since a € R. Substituting p + gJ/=3 for z gives

z'(z* +1) = p* + 2p%qJ=3 +6pg* V=3 - 9¢* +p—qJ=3

and we see that 2p°q + 6pg® — ¢ = 0, and since ¢ # 0, 2p® + 6pg® — 1 = 0. The only

positive rational roots this cubic in p can have are 1 and % Ifp=1,¢4= % ¢ Q, and if

o 4 P,
p—?:q'_?-

2 —z*(z3+]) ~(p*~9q*+p) v e 1 < :
Sincea = = —= = , substituting p = ¢ = 5, we find the only possible value

= p2+3q2
for a is zero.




is established using arguments much like those in the follow ing solution, In the list
of solvers given below, we identify solvers who replaced the given condition (4) or
the given condition (b) with a condition that is equivalent 1o the remuaining
congition,

Solution by Kee-Wai Lau, Hong Kong, China

We may assume that #7 2 2 and that the ¢, are distinet. Let S =EZ .a, x) 1
so that fA0)= —1<0, Ax)>0 for farge x and f(x)=(Z7 a,0,x1)> 0 for

x> 0. Thus, the given equation has a unique positive solution. Let = be a complex
solution and suppose that |=] < w, Then we obtain the contradiction

! iy Ht . iz
=Y a, z"*‘l < Y alzt< Y G u’i= 1.
=i i k=1 Lo 1

To see that (@) and (b) are not equivalent. consider 1= 4x* + 3x% which has
roots £+ and +i Then (a) is true while (b) is false. However. the following
condition is equivalent o the given condition (b)

@ If 2+ w wasoludon o 1 =a,x" +a,x+ - +a, x then 121> w where
w is the unigue positive real solution t the given equation,

Suppose ged(4,, 4, ....1,)=d > 1. Then z= we*™/¥ is a root other than 2 of
the given equation, contradicting (). Now suppose that (b) holds and that z = w is
4 solution to the given equation with |zl = . Let 2= we'® where 0 < 8 < 27 Since
i is a solution o the given equation, we have Y a1~ ') = 0. Consider-
ing the real part of this equality, we have. for =12, ... m, 1—cos(1,0)=0
which implies that 7,0 = 2n,7 where 7, is an integer that is not divisible by 1, For

I ity -
k=1.2,....m let d,=ged(s,. n,). s,= - and r=—. Then 5,0=2rm.

e dy
. : G f % ¢ ,
gedls,, ) = 1 and 5, > 1. Since — = -2 for cach 4. we see that rs, = r.5; for
f=1.2,. ... 0 It follows that s

2 5 4
boj=1. ;15 and s, 1s; so that there is s with s, =5 for
Re=12 . m and then ged(e,. 1,0 1) = 5> 1, contradicting (b),

lisor sofved iy MICHEL BATAILLE Rouen. France: DANJELE DONINIL, Bertinoro, halv: and JTAMES
D EMMEL, Belingham, WA, cach of whom replaced () with (b)Y, by STEPHEN PENRICE, Mosristown,
NI b rephiced €ad winly (a), and by MATT FOSS, Nonh Hennepin C. G RAYMOND N, GREENWEL L
Holstra 1. GEORGE 1. MATTHEWS, Indianapolis. IN: LI ZHOU, Polk C.C: D.P. STANFORD, C. of
Walliarm and Mary (who gave 2 solution based on the Perron-Frobenius theary ol non-negasive matrices);
anel the proposers

A Consequence of FLT

660. Propased by Ho-joo Lee (student), Kuanguwoon Univesity, South Korea
Find all real numbers « such that the equation 2° + az + 1 =0 has a solution of

the form g+ gV —3 where p and g are positive rational numbers.

Solution by Blair K. Spearman, Okanagan University Coilege, Kelowna. B.C.,

Citnicidda

since the coeflicients of the given cubic polynomial are real, and the cocfficient of

77 equals zero. it follows that the three roots of the given cquation are 7. = ) +

=3, 0. =p—gV—3 and r,= =2p. Examining the constant term in the equa-

tion we note that

Vo= —rinry=2p(p° +34°)=(p+ :';)‘ H{ = qj"'.
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Thercfore {x. ¥)=(p+ q. p— g) is a rational point on x* + y* = 1, the Fermat
curve of exponent 3. Since the only rational points on this curve are (x, y) =(1,0)
or (0.1), and p and g are positve, we determine that p=g¢= 3. Thercfore

TR N it x . ; ‘ .

r,= 5 + 3V — 3, satisfying the requirements of the problem, and #; = — 1. Substitut-
ing r, = — 1 into the given equation we find that the only real number a satisfying
the required conditions is «a = 0.
Alo sofved by REZA AKHLAGHI, Prestonsburg C.C. and FARY SAML Hasford C.C.: BEN B. BOWFEN.
Vallejo. CA: JOHN CHRISTOPHER, California State U, Sucramento; CON AMORE PROBLEM GROUP. The
Rowal Dunish School of Educational Studies, Copenhiagen. Denmark; JOHN COOPER, RENU CHANDRA,
LAUREN BOOB (students), Shippensburg U DANIELE DONINL Bertinoro, ltaly; BILL DUNN, 1,
\ontgomery C SFEORIDRGULECOASERROBLEM GROUR ElosidaGulfiGoastl . JOHN F. GOEHL. JR.,
Barry 1. JOF HOWARD, New Mexico Highlands 1; RICKEY IKEDA, Leeward C.C.; ARLO W, SCHURLE,
University of Guarn; WILLIAM SEAMAN, Albright C: MONTE J. ZERGER, Adams State C.: and the
proposer. One incomplete and three incorrect solutions were recgived.

Lditors’ Note: William Scaman of Albright College has pointed out that the solution
of Problem 631 [CM] 30:4 (1999) 319-320] is incomplete in the case that the odd
integer & in the published solution has the property that 2° can be represented in
more than one way as a sum of two squares. There are ten odd integers & less than
261 such that £ can be written as a sum of squares and 4% has multiple
representations as a sum of two squares: these are 25, 65, 85, 125, 145, 169, 185,
205, 221 and 225. It is straightforward to check that none of the decompositions
satistics the properties required of my,m,.n, and n,.




